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Understanding Instrumental Stokes Leakage in
Murchison Widefield Array Polarimetry
A. Sutinjo1, J. O’Sullivan2,3, E. Lenc4,5, R. B. Wayth1, S. Padhi1, P. Hall1,2 and S.
J. Tingay1
This paper offers an electromagnetic, more specifically array theory, perspective on
understanding strong instrumental polarization effects for planar low-frequency “aperture
arrays” with the Murchison Widefield Array (MWA) as an example. A long-standing issue
that has been seen here is significant instrumental Stokes leakage after calibration,
particularly in Stokes Q at high frequencies. A simple model that accounts for
inter-element mutual coupling is presented which explains the prominence of Q leakage
seen when the array is scanned away from zenith in the principal planes. On these planes,
the model predicts current imbalance in the X (E-W) and Y (N-S) dipoles and hence the
Q leakage. Although helpful in concept, we find that this model is inadequate to explain
the full details of the observation data. This finding motivates further experimentation
with more rigorous models that account for both mutual coupling and embedded element
patterns. Two more rigorous models are discussed: the “full” and “average” embedded
element patterns. The viability of the “full” model is demonstrated by simulating current
MWA practice of using a Hertzian dipole model as a Jones matrix estimate. We find that
these results replicate the observed Q leakage to approximately 2 to 5%. Finally, we offer
more direct indication for the level of improvement expected from upgrading the Jones
matrix estimate with more rigorous models. Using the “average” embedded pattern as an
estimate for the “full” model, we find that Q leakage of a few percent is achievable.
1. Introduction
The Murchison Widefield Array (MWA) is a pre-
cursor to the Square Kilometre Array (SKA) low-
frequency aperture arrays (LFAA) situated at the
Murchison Radio-astronomy Observatory (MRO) in
the mid-west of Western Australia Lonsdale et al.
[2009]; Tingay et al. [2013]; Coster et al. [2012]. The
MWA operates in the 80-300 MHz band and consists
of 128 aperture array “tiles” (Fig. 1) spread over
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an area of approximately 3 km. It is closely related
in frequency band to SKA LFAA pathfinders such
LOFAR van Haarlem, M. P. et al. [2013]; Wijnholds
et al. [2011] in Europe and LWA in New Mexico,
USA. Ellingson et al. [2009]; Helmboldt et al. [2014].
Source tracking in low-frequency aperture arrays
(LFAA) is done solely by electronic scanning since
LFAA do not have moving parts. As a result, other
than at zenith, the beam from each of the dual po-
larized elements is generally different due to “projec-
tion” (or element foreshortening) effects Ord et al.
[2010]. This difference leads to strong instrumen-
tal polarization which has been identified as a chal-
lenge in LFAA high precision polarimetry Hamaker
[2000a, b]. Since a large amount of astrophysical in-
formation is encoded in the full Stokes parameters of
the radiation field, it is critical that the polarization
performance and calibration of LFAA is well under-
stood Wijnholds et al. [2011].
Strong residual instrumental polarization effects
have indeed been seen in the MWA. A long-standing
issue here is that calibration gain values for an MWA
pointing angle do not transfer to other pointing an-
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Figure 1. A photo of an MWA tile. Each tile is com-
prised of 4×4 bow-tie antennas regularly spaced at 1.1 m
on a 5×5 m wire grid. The bow-tie arms are oriented E-
W and N-S. Beam-scanning is accomplished by switching
analog delay-lines (contained in the white box next to the
metallic grid in the photo) commensurate with pointing
directions.
gles Ord et al. [2010]. Attempts to do so manifest
most prominently as instrumental leakage in Stokes
Q caused by “X” and “Y” beam patterns being very
different from that predicted by simple pattern mul-
tiplication model. Fig. 2 demonstrates its severity,
particularly at high frequencies (e.g., > 200 MHz)
where Q/I for an unpolarized source may be as high
as 20 to 30% or more. At lower frequencies around
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Figure 2. Median percentage polarization leakage (Q/I
and U/I) measured for bright radio sources at various de-
clinations (δ) within ±0.1 hour angle with three different
beam-former settings for scan angles along the merid-
ian. The scan angles in Zenith angles are Za = 0, 14, 28◦
where Za = δ − 26.7◦ (The Latitude at the MRO is
26.7 S). This 200-230 MHz (centered at approximately
216 MHz) data was calibrated with source PMN J0444-
2809 (1.5 degrees south off zenith or δ = −28.2◦).
150 MHz, this error is of the order of a few percent
(Fig. 3).
In this paper, we offer an explanation for these
artifacts from a phased array theory perspective.
The array is considered in transmission which is well
known to be equal to the receive behavior using the
principle of reciprocity. It should be pointed out that
the phased array theory we are about to describe are
well known in the antenna engineering community.
In this work, however, we report evaluation of the
results in units relevant to astronomical polarime-
try which, to our knowledge, is less common. The
rest of this paper is organized as follows. Section 2
provides a simple review of astronomical polarime-
try and clarifies the meanings of “calibration” and
Stokes leakage in this context. Section 3 general-
izes the concept of pattern multiplication to include
mutual coupling and discusses its significance to Q
leakage. Section 4 addresses the shortcomings of the
foregoing model and describes more rigorous models
based on embedded element pattern. The perfor-
mance of the most rigorous model (“full” embedded
element) is tested by simulating MWA observations
reported in Figs. 2 and 3 and comparing the results
to the measurement data. Next, we estimate antici-
pated improvement in Stokes leakage over the current
MWA model afforded by the second most rigorous
model (“average” element pattern). Finally, lessons
learned are summarized in Section 5.
2. Brief Review of Polarimetry
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Figure 3. Median percentage polarization leakage (Q/I
and U/I) measured for bright radio sources at various de-
clinations (δ) within ±0.1 hour angle with three different
beam-former settings for scan angles (Za = −28, 0, 28◦)
along the meridian. This 140-170 MHz (centered at ap-
proximately 155 MHz) was calibrated with source PMN
J0444-2809.
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We begin by introducing the framework and key
assumptions which we will follow in the rest of
this paper. Our approach is electromagnetic and
phased array theory based. Consequently, we take
for granted the finer points of synthesis imaging such
as electronic gain calibration Taylor et al. [1999] and
the uniqueness of such solutions Hamaker [2000a, b].
Although admittedly far from being trivial for a real
LFAA telescope, this presents no complication in our
current approach as the “tile” can be excited with
amplitude and phase under our control. In other
words, our starting point is an array with equalized
“electronic gain.”
Further, we assume identical time-independent
MWA tiles for each baseline such that the “apparent”
sky may be obtained by 2D inverse Fourier Trans-
form of the visibilities Smirnov [2011]. Hence, we
are working in the “image” plane where the apparent
sky in a given direction is given by Smirnov [2011]
Bapp = JBJ
H (1)
where B =
〈
eeH
〉
is the sky brightness matrix and
e = (eθ, eφ)
T . The subscripts θ and φ refer to
the spherical coordinate bases (far-field unit) vec-
tors Sutinjo and Hall [2013, 2014]. J is the presumed
“true” Jones matrix that describes direction depen-
dent effects for the tile.
J =
(
Jxθ Jxφ
Jyθ Jyφ
)
(2)
where the subscripts x. and y. refer to measurement
bases as per the “X” (E-W) and “Y” (N-S) bow-ties,
respectively.
To obtain an estimate of the sky brightness ma-
trix, B˜, from the apparent sky, we use a Jones matrix
model for the tile
B˜ = J˜−1Bapp(J˜
H)−1 (3)
where J˜ is our best estimate of the true Jones ma-
trix for the tile. For simplicity, we further assume
that the sources that drift through the array beam
are unpolarized such that B = I/2 (where I is the
identity matrix) and
B˜ =
1
2
J˜−1JJH(J˜H)−1 (4)
where B˜ is our estimate of the “true” sky after cal-
ibration. To examine the polarization properties of
the “true” sky estimate, we calculate Stokes param-
eters based on the elements of B˜
I˜ = B˜1,1 + B˜2,2
Q˜ = B˜1,1 − B˜2,2
U˜ = B˜1,2 + B˜2,1
V˜ = j(B˜1,2 − B˜2,1) (5)
We further assume that the sources are unpolarized
such that Q˜, U˜ , and V˜ in (5) are the residual in-
strumental Stokes leakages after calibration. The
amount of leakage relative to I˜ is of primary inter-
est, hence the results will be presented as normalized
to I˜. Note that as a consequence of this normaliza-
tion, scalar multipliers to the Jones matrices become
immaterial as they do not affect the results. For sim-
plicity, the .˜ sign in reference to the Stokes leakages
will be suppressed henceforth.
In the next two Sections, we will present a few
examples involving assumed “real” Jones matrix, J,
and the estimate thereof, J˜ to establish the following:
• Sec. 3: J includes mutual coupling, J˜ ignores
mutual coupling. How significant is mutual coupling
in our problem?
• Sec. 4.1: J is the most rigorous model (“full”
embedded element pattern), J˜ is based on Hertzian
dipole and ignores mutual coupling (current MWA
practice). How reliable is our model? How well does
it replicate the observation?
• Sec. 4.2: J is based on the most rigorous “full”
embedded element pattern, J˜ is the second best
model based on “average” embedded element pat-
tern. What can we do to improve the situation and
by how much?
3. Simple Models
3.1. Current Approach
The importance of modeling “projection” effects
has been recognized in the MWA community. The
current approach is purely geometrical which is de-
rived from the dot products of incoming electric field
vectors and xˆ or yˆ representing the bow-tiesOrd et al.
[2010]. This is equivalent to modeling the elements
as Hertzian dipoles.
As a convention, we distinguish telescope point-
ing denoted by superscript .Az,Za from direction de-
pendent effects represented by spherical coordinates
(θ, φ) (where θ is zenith angle and φ = 90◦−azimuth
is measured clockwise from +x axis (E) looking down
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on the MWA tile, see Tab. 1)
J˜Az,Za(θ, φ) = fAz,Za(θ, φ)g(θ)Je(θ, φ) (6)
where
fAz,Za =
1
16
16∑
n=1
vAz,Zan e
j(kxxn+kyyn) (7)
g(θ) = sin(2pi
h
λ
cos θ) (8)
where fAz,Za is the scalar array factor; kx =
(2pi/λ) sin θ cosφ and ky = (2pi/λ) sin θ sinφ; xn, yn
are the feed point positions; vAz,Zan is the excita-
tion voltage based on the delay setting for a given
pointing; g(θ)) is a scalar that accounts for metal-
lic ground plane effects where h is the height above
ground; and Je(θ, φ) in this case is an ideal Jones
matrix of a Hertzian dipole Cheng [1992]; Balanis
[1989]:
Je(θ, φ) =
(
cos θ cosφ − sinφ
cos θ sinφ cosφ
)
(9)
As seen earlier in Figs. 2 and 3, this model seems
to work well at the low frequencies but poorly at
high frequencies, an observation consistent with our
qualitative understanding of dipoles. Given the bow-
tie dimensions in Fig. 4, we note that the half-
wavelength frequencies for the bow-tie length (74 cm)
and diagonal (84 cm) occur at 203 and 179 MHz, re-
spectively. Hence, below these frequencies the bow-
ties are more or less short with respect to wavelength
but not at higher frequencies. This has led to a
follow-up effort where the bow-ties are represented
as dipoles with sinusoidal current distribution and
physical lengths McKinley [2012]. This model, how-
ever, has not moved beyond the proposal stage to
implementation.
Figure 4. MWA bow-ties as simulated in a commercial
Method-of-Moment software FEKO. Dimensions are in
cm. The distance to the perfect electric ground plane is
10 cm and the wire radius is 0.75 cm.
In the context of the simplest model discussed so
far, we pose this question: is it realistic to expect
a satisfactory solution based only on improving or
perfecting Je(θ, φ) alone? It seems not. Our in-
ability to transfer calibration solutions between tele-
scope pointing angles, especially as evidenced by a
large discontinuity in Q leakage in Fig. 2 between
Za = 14 and 28◦, suggests that there exists instru-
mental imbalance between the “X” and “Y” that
is unique for every pointing which is unaccounted
for. We hypothesize that port currents present at
the MWA bow-ties are in general not equal in ampli-
tudes and deviate from the imposed voltages in (7).
For every pointing angle, there is a corresponding set
of 32 port currents which do not in general “transfer”
to other pointing angles. A simple mutual coupling
model that describes this is presented next.
3.2. Mutual Coupling Model
Assuming that the element patterns in the tile
are identical such that pattern multiplication ap-
plies Kraus [1988], a salient feature of mutual cou-
pling is the introduction of a diagonal array factor
matrix, as opposed to a scalar (7). Each entry in the
diagonal matrix describes a distinct array factor for
the “X” and “Y” elements, respectively as described
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in (10) and (11).
J˜Az,Za(θ, φ) = AAz,Zaxy (θ, φ)g(θ)Je(θ, φ) (10)
where
AAz,Zaxy (θ, φ) =
(
fAz,Zax (θ, φ) 0
0 fAz,Zay (θ, φ)
)
(11)
and the array factors are
fAz,Zay =
1
16
16∑
n=1
iAz,Zan e
j(kxxn+kyyn)
fAz,Zax =
1
16
32∑
n=17
iAz,Zan e
j(kxxn+kyyn) (12)
with numbering convention, “Y” (port numbers 1 to
16) and “X” (port numbers 17 to 32) as shown in
Tab. 1 and iAz,Za1...32 are the port currents obtained
from (13) as explained in the next paragraph. For
an array located over a metallic ground plane such
as the MWA, the port currents in (12) are the solu-
tions of (13) where the Z matrix is computed for an
array over a ground plane.
Table 1. Numbering convention: “Y” (N-S)/ “X” (E-W)
dipoles in every entry (↑ N, → E). Elements 1 / 17 are at the
NW corner and 16 / 32 are at the SE corner.
1/17 2/18 3/19 4/20
+ + + +
5/21 6/22 7/23 8/24
+ + + +
9/25 10/26 11/27 12/28
+ + + +
13/29 14/30 15/31 16/32
+ + + +
At every frequency and pointing angle, the port
currents, i = [i1 . . . i16, i17 . . . i32]
T , and voltage de-
lays ,v = [v1 . . . v16, v17 . . . v32]
T , are related via an
impedance matrix which in the case of the MWA is
32×32 Stutzman and Thiele [1998]; Hirasawa [1992];
Hansen [1998] corresponding to 16 “X” and 16 “Y”
bow-ties.
i = (Z + ZL)
−1v (13)
where v is the known “excitation” voltage vector de-
termined by delay settings, i is the unknown port
current vector, the impedance parameter matrix
Z Pozar [1998]; Stutzman and Thiele [1998] describes
the inter-port coupling and is given by

Z1,1 . . . Z1,32
...
. . .
...
Z32,1 . . . Z32,32

 (14)
Note that if mutual coupling is ignored, (14) be-
comes diagonal such that v ∝ i. Consequently,
port currents amplitudes are identical since the volt-
age amplitudes are uniform in the MWA. The load
impedance matrix ZL is a diagonal matrix, the en-
tries of which are the LNA input impedances seen at
the corresponding ports. The measured impedance
of an MWA LNA is reported in Fig. 5.
80 100 120 140 160 180 200 220 240 260 280 300−500
−250
0
250
500
750
1000
MHz
Z L
 
(Ω
)
 
 
XL
RL
Figure 5. Measured MWA LNA impedance
This model now allows us examine our hypothesis.
Fig. 6 reports current amplitudes at telescope point-
ing angles Az = 0◦ and Za = 0, 14◦ at 216 MHz.
Note that at Za = 0◦, |ix| and |iy| occupy similar
values. However, at Za = 14◦, |ix| is lower than
|iy| by approximately 10 to 20%. Mutual coupling
leads to the difference in the “X” and “Y” port cur-
rent amplitudes even though the excitation voltage
amplitudes are uniform at all ports. This effect is
particularly pronounced on the principal planes (i.e,
φ = 0, 90, 180, 270◦) as the interactions between “X”
and “Y” bow-ties are asymmetric with respect to the
phase delay gradient as illustrated in Fig. 7. The
arrows there are drawn in the direction of increas-
ing phase delay. Note that the phase delay gradient
forces “side-to-side” interactions on the “X” bow-ties
as opposed to “end-to-end” interactions on the “Y”
bow-ties resulting in current deviation seen in Fig. 6.
Such asymmetry does not occur when pointing the
telescope in the diagonal plane as the interactions are
symmetric with respect to the “X” and “Y” bow-ties.
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Figure 6. Amplitude of currents at the “X” and “Y”
ports at 216 MHz and Az = 0◦, Za = 0, 14◦ pointing
angles for an MWA tile simulated in FEKO. The excita-
tion voltage amplitude is 1 V at every port. The array is
placed on a 5×5 m perfect electric ground sheet on a soil
model based on MRO sample with 2.5% moisture.
Figure 7. Phase gradient when pointing the telescope
on Az = 0◦ plane for 0◦ < Za < 90◦. The arrows are
directed along the direction of increasing phase delay.
As expected, the imbalances in the current ampli-
tudes are reflected in the array factors for the “X”
and “Y” bow-ties as described in (12). Fig. 8 re-
ports |fx|
2 and |fy|
2 at 216 MHz for Az = 0◦, Za =
0, 14, 28◦ on φ = 90◦ plane. The array factors are
very similar only when the tile points at zenith. For
Za = 14, 28◦ notable deviations in |fx|
2 and |fy|
2 are
seen. Thus, for example, if the telescope is electronic
gain calibrated at zenith (which is consistent with
Fig. 8) using simple model in (6), these solutions
will not transfer to Za = 14, 28◦ as the deviations
in |fx|
2 and |fy|
2 at those pointing angles cannot be
accommodated by the simple model. Furthermore,
given the definitions of Stokes Q leakage in (5) and
our model in (10), we suspect that this imbalance
in “X” and “Y” is a significant contributor to the Q
leakage. This is quantified next.
−10 −5 0 5 10 15 20 25 30 35 401
1.5
2
2.5
3
3.5
4
4.5
θ (degs.)
|f y,
x|2
 
 
|f
x
|2
|fy|
2
Za=14 Za=28
Za=0
Figure 8. Amplitude squared of the array factors for the
“X” and “Y” bow-ties at 216 MHz and Az = 0◦, Za =
0, 14, 28◦ pointing angles on φ = 90◦ plane for an MWA
tile simulated in FEKO. The excitation voltage ampli-
tude is 1 V at every port.
3.3. Emergence of Q leakage
The appearance of Q leakage may be demon-
strated by revisiting (3). Let the mutual cou-
pling model in (10) be taken as “reality” (J) to
be estimated by the simple model in (6) that ne-
glects mutual coupling. We further assume an opti-
mistic scenario where the element pattern Je(θ, φ)
is fully known (i.e., identical in “reality” and the
model). Here, the beam effects are completely can-
celed through calibration such that we are calculating
Q leakage due solely to mutual coupling effects.
B˜ =
1
2|fg|2
J˜−1e JJ
H(J˜He )
−1
=
1
2|fg|2
J−1e AxyJeJ
H
e A
H
xy(J
H
e )
−1 (15)
Observation data shown in Figs. 2 and 3 were
taken at three zenith angles and Az = 0◦. Limit-
ing further only to sources on the φ = 90◦ (merid-
ional) plane and assuming the cross bow-ties have
low raw cross-polarization components on the prin-
cipal planes, one may approximate Je(θ, φ = 90
◦) as
a diagonal matrix allowing it to commute with Axy.
As a result, on this φ = 90◦ principal plane we are
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left with
B˜Az=0
◦,Za(θ, φ = 90◦) =
1
2|fg|2
AxyA
H
xy
=
1
2|fg|2
(
|fx|
2 0
0 |fy|
2
)
(16)
We see that imbalance in |fx|
2 and |fy|
2 registers as
Q leakage after calibration if port coupling is not ac-
counted for. Normalizing to Stokes I, we can write
Q
I
Az=0◦,Za
(θ, φ = 90◦) =
|fx|
2 − |fy|
2
|fx|2 + |fy|2
(17)
To compare to Figs. 2 and 3, we report numeri-
cal results in Fig. 9 of Q/I per (17) at 155 and
216 MHz (center frequencies of the observations).
Q/I at 155 MHz appears consistent with observation
in that it is increasingly negative away from zenith
to a few percent leakage. At 216 MHz, Q/I could
reach negative 20% range due to significant imbal-
ance in |fx|
2 and |fy|
2 as seen in Fig. 8. Note that
at 216 MHz, as |fx|
2 < |fy|
2, the sign of Q/I is oppo-
site to the observation data which suggests that the
assumption of identical element pattern in (15) is
overly simplistic at this frequency. This will be dealt
with in the next Section where the interplay between
element pattern and mutual coupling is accounted for
more rigorously. Nevertheless, it is important to note
that one can expect up to approximately 20% resid-
ual Q leakage at high frequency if mutual coupling is
ignored.
0 5 10 15 20 25 30 35 40−25
−20
−15
−10
−5
0
θ (degs.)
Q/
I (%
)
 
 
216 MHz, Za=28°
216 MHz, Za=14°
155 MHz, Za=28°
Figure 9. Q/IAz=0
◦,Za(θ, φ = 90◦) at 155 MHz and
Za = 28◦, 216 MHz and Za = 14, 28◦ for an MWA tile
simulated in FEKO. The array is placed on a 5×5 m per-
fect electric ground sheet on a soil model based on MRO
sample with 2.5% moisture Padhi [2011].
4. Model Refinement
We now introduce more accurate models. The
most rigorous full embedded element pattern model
is described and subsequently taken as reality. Two
reduced models are then used as Jones matrix esti-
mates: simple model in (6) and the average embed-
ded element pattern. As discussed in Sec. 3.1, the
Hertzian dipole model reflects current MWA prac-
tice. The average embedded element pattern model
is less rigorous than the full embedded element pat-
tern; however, since new observation data with the
new models is not yet available, this calculation pro-
vides the best available estimate of the level of im-
provement expected from an upgraded model.
4.1. Full Embedded Element Pattern
The full embedded element pattern rigorously ac-
counts for mutual coupling and variations in the el-
ement pattern in a finite array Kelley and Stutzman
[1993]; Pozar [1994]; Hansen [1998];Kelley [2002]. It
does not rely on pattern multiplication. Hence, it is
appropriate here to take it as simulated reality. For
the MWA, this model requires calculations of 32 em-
bedded element patterns (16 for each polarization)
at each frequency.
The Jones matrix for a given (Az,Za) pointing is
given by Kelley [2002]:
JAz,Za(θ, φ) =
1
16
16∑
n=1
(
iAz,Zan+16 0
0 iAz,Zan
)
JOCn (θ, φ)(18)
where iAz,Za1...16 and i
Az,Za
17...32 are the port currents for “Y”
and “X” bow-ties as explained in (13). JOCn (θ, φ) is
the “open circuit” Kelley [2002] embedded Jones ma-
trix for antenna pair n (involving index n “Y” and
index n+ 16 “X” dipoles):
JOCn =
(
Jxθn+16 J
xφ
n+16
Jyθn J
yφ
n
)
(19)
where the superscripts θ and φ refer to spherical co-
ordinate sky bases. Each row in (19) is obtained by
open circuiting every other port and exciting dipole
n or n+ 16 with a unit current and zero phase Kel-
ley [2002]. In this instance, JOCn is obtained using
a FEKO model of an MWA tile on a perfect electric
ground sheet placed on MRO soil as before.
Calculated Stokes Q and U leakages at 155 and
216 MHz at Az = 0, Za = 14, 28◦ are reported in
Figs. 10, 11, and 12. Direct comparisons between
observed and calculated Q/I (on Az = 0◦ plane)
are reported in Figs. 13, 14 and 15. The full model
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with simple Jones matrix estimate is indicated by leg-
end “Hertzian.” Observed median Q/I are reported
in black dots. Note that the model replicates mea-
sured trends and values quite well. At 155 MHz and
Za = 28◦, Q/I becomes more negative with increas-
ing zenith angle (Fig. 13). The difference between
observation and calculation is approximately 2%. At
216 MHz and Za = 14◦, Q/I becomes more positive
with zenith angle (Fig. 14). Similarly, a difference
of approximately 2% is seen between calculation and
observation. Finally, at 216 MHz and Za = 28◦,
the trends are again similar where Q/I leakages are
both very high and do not exhibit a steep slope with
zenith angle (Fig. 15). Here, calculated results are
within roughly 5% observed values. Calculated U
leakages in Figs. 10, 11, and 12 indicate zero leak-
ages on Az = 0◦ plane. These are within a couple of
percent of observed values in Figs. 2 and 3. These
results provide evidence for the reliability of the full
embedded element pattern.
4.2. Average Embedded Element Pattern
We turn our attention to the next best model
based on “average embedded element pattern.”
Again, the motivation here is to provide an estimate
for the improvement in Stokes leakage expected from
upgrading the Jones matrix estimate from simple
Hertzian dipole to one based on embedded element
pattern. The Jones matrix for the array is approxi-
mately Kelley [2002]
J˜Az,Za(θ, φ) =
(
fAz,Zax (θ, φ) 0
0 fAz,Zay (θ, φ)
)
JOCavg(θ, φ)(20)
where JOCavg(θ, φ) is the average embedded element
pattern Kelley and Stutzman [1993] obtained by
JOCavg =
1
16
16∑
n=1
JOCn e
−j(kxxn+kyyn) (21)
where JOCn is obtained from (18) and the exponential
term compensates for the location of the dipole pair n
such that the average is taken over the same phase
reference point with respect to each active feed point,
for example, JOC1 e
−j(kxx1+kyy1) effectively moves the
origin to dipole pair 1.
Again, we calculate residual Stokes leakage by tak-
ing (18) as the “real” Jones matrix and (20) as the
Jones matrix estimate. The results are reported in
Figs. 16, 17, and 18 and are summarized in Tab. 2.
To facilitate comparisons, we again point to plots
of Q/I on Az = 0◦ plane at the same frequencies
and pointing angles as shown in Figs. 13, 14 and 15
with legends “avg.” Improvement over the Hertzian
dipole model is evident overall. The Q/I leakages of
the average embedded element pattern model tend
to be centered closer to zero as zero contours cut
through 0.9 normalized power beams in Figs. 16, 17,
and 18 (similarly, improved centering is evident in
Figs. 13, 14 and 15). Moreover, reduction in U/I
leakage in the main beam is obvious as shown in the
bottom half of Tab. 2. Thus, the average embedded
element pattern should deliver noticeable improve-
ment over current Hertzian dipole model, however,
outliers in the order of up to 10% in |Q/I| may
remain. Further improvement might be achieved
through the full embedded element pattern model
as discussed in the previous Subsection.
Table 2. Comparison between calculated Stokes Q and U
leakages using Hertzian dipole (Hz) and average embedded el-
ement pattern (avg.). The values are inferred from Q/I and
U/I on the 0.5 normalized power gain contours in Figs. 10,
11, 12 (Hz) and Figs. 16, 17, 18 (avg.).
MHz Za(◦) Hz Q/I (%) avg. Q/I(%)
155 28 -1 to -7 -1 to 3
216 14 0 to 16 0 to -10
216 28 30 0 to 10
MHz Za(◦) Hz U/I (%) avg. U/I(%)
155 28 5 to -5 3 to -3
216 14 12 to -12 1 to -1
216 28 17 to -17 6 to -6
5. Conclusion
We have learned interesting and useful lessons
through this exercise. First, Jones matrix estimates
that ignore mutual coupling will exhibit significant
Stokes Q leakage (up to 20%) at high frequencies
(where element dimensions are comparable to or
greater than wavelength) as imbalance in the “X”
and “Y” port currents is unaccounted for. This is
especially evident in the principal planes as the mu-
tual coupling is asymmetric. Second, accurate high
frequency polarimetry with LFAA requires precise
modeling of both mutual coupling and (embedded)
element effects. We are able to reproduce observa-
tion artifacts in Q/I using the full embedded ele-
ment pattern model with accuracy of approximately
2 to 5%. This is indicative of the accuracy of the
full embedded element model. Finally, upgrading the
Hertzian dipole model to one based on “average” em-
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bedded element pattern should deliver a noticeable
improvement. Our calculations predict that |Q/I| in
the order of a few percent (with possible outliers up
to approximately 10%) is achievable.
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Figure 10. Q and U Stokes leakages at 155 MHz for Az = 0o, Za = 28o pointing after calibration
with Hertzian dipole model with no mutual coupling. Normalized power gain contours of 0.5 and
0.9 are superimposed on contour plots with 1% step per contour.
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Figure 11. Q and U Stokes leakages at 216 MHz for Az = 0o, Za = 14o pointing after calibration
with Hertzian dipole model with no mutual coupling. Normalized power gain contours of 0.5 and
0.9 are superimposed on contour plots with 5% step per contour.
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Figure 12. Q and U Stokes leakages at 216 MHz for Az = 0o, Za = 28o pointing after calibration
with Hertzian dipole model with no mutual coupling. Normalized power gain contours of 0.5 and
0.9 are superimposed on contour plots with 5% step per contour.
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Figure 13. Q/IAz=0
◦,Za=28◦(θ, φ = 90◦) at 155 MHz for an MWA tile simulated in FEKO. The
full embedded element pattern shown in (18) is assumed as “reality.” Two reduced models are used
as Jones matrix estimates: the simple (“Hertzian”) model in (6) and the average (“avg.”) embedded
element pattern in (20). Observed Q/I with simple Jones matrix estimate as implemented in MWA
are reported in black dots.
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Figure 14. Q/IAz=0
◦,Za=14◦(θ, φ = 90◦) at 216 MHz for an MWA tile simulated in FEKO. The
full embedded element pattern shown in (18) is assumed as “reality.” Two reduced models are used
as Jones matrix estimates: the simple (“Hertzian”) model in (6) and the average (“avg.”) embedded
element pattern in (20). Observed Q/I with simple Jones matrix estimate as implemented in MWA
are reported in black dots.
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Figure 15. Q/IAz=0
◦,Za=28◦(θ, φ = 90◦) at 216 MHz for an MWA tile simulated in FEKO. The
full embedded element pattern shown in (18) is assumed as “reality.” Two reduced models are used
as Jones matrix estimates: the simple (“Hertzian”) model in (6) and the average (“avg.”) embedded
element pattern in (20). Observed Q/I with simple Jones matrix estimate as implemented in MWA
are reported in black dots.
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Figure 16. Q and U Stokes leakages at 155 MHz for Az = 0o, Za = 28o pointing after calibra-
tion with average embedded element pattern. Normalized power gain contours of 0.5 and 0.9 are
superimposed on contour plots with 1% step per contour.
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Figure 17. Q and U Stokes leakages at 216 MHz for Az = 0o, Za = 14o pointing after calibra-
tion with average embedded element pattern. Normalized power gain contours of 0.5 and 0.9 are
superimposed on contour plots with 5% step per contour.
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Figure 18. Q and U Stokes leakages at 216 MHz for Az = 0o, Za = 28o pointing after calibra-
tion with average embedded element pattern. Normalized power gain contours of 0.5 and 0.9 are
